Introduction
Semi-Lagrangian semi-implicit (SLSI) schemes have been widely used in climate and nu-26 merical weather prediction (NWP) models since the pioneering work of Robert (1981) and 27 Robert et al. (1985) . The more lenient numerical stability condition in these schemes allows 28 larger time steps and thus increased computational e ciency. Traditional semi-Lagrangian
Governing equations

79
The model governing equations are the two-dimensional (x-z) moist Euler equations in 80 Cartesian geometry: and q j = (q v , q c , q r ).
99
The momentum equations are cast in their advective form, and all other equations, i.e.,
100
for density, potential temperature, and moist species, are cast in their conservative flux-form. 
155
The displacement in the two linear segments are determined using velocities at time-level 
We iterate (8) three times to increase the accuracy of the computation of v n D . At each 159 iteration, the velocities are interpolated to the estimated departure location using bicubic 
whereṽ n+1 is evaluated at the arrival grid point and denote velocities extrapolated to time-
163
level n + 1 using a two-time-level extrapolation 164ṽ n+1 = 2v n v n 1 .
r n D = r n+1 t 2 (v n D +ṽ n+1 ).
Higher-order approximations to the trajectory can be made by including an acceleration 166 term as described in McGregor (1993) . Tests including an acceleration term (not shown)
167
showed that such a higher-order approximation made little di↵erence to the solutions for 168 this suite of tests.
169
c. Discretization of the momentum equations
170
The momentum equations are solved using the traditional semi-Lagrangian semi-implicit 171 method, where material derivatives such as du/dt = @u/@t+ u@u/@x+ w@u/@z and dw/dt = 172 @w/@t + u@w/@x + w@w/@z (lhs of (1) and (2) respectively) are computed using a grid-point 173 interpolation to the departure point. The two-time-level discretizations of the momentum 174 equations are
and
where the subscripts D, D/2 and A denote evaluation at the departure, midpoint trajectory,
177
and arrival grid points respectively, and the superscripts denote the time level. The spatial 178 operators are defined as
The gradient terms responsible for the fast-moving acoustic waves are solved implicitly with 183 the option of o↵-centering by setting 6 = 0. Numerical di↵usion is represented in F u and
184
F w in the form of second-order di↵usion with physical viscosity ⌫,
The buoyancy terms in the vertical momentum equation are solved explicitly by extrapolat-
186
ing to time level n + 1/2 using flux-form thermodynamic equation using the conservative transport scheme CSLAM,
where the notation ⇥ · ⇤ denotes departure cell averages. The first term on the rhs of (12),
199
⇥ n+1 m,exp , is the explicit CSLAM update. The second term is a predictor-corrector term inte- equations, a semi-implicit flux-form correction term is used to form the implicit equation 
212
The form of the semi-implicit correction term (square-bracketed terms in (13)) stems from properties (discussed in section 4). Instead of using a time-independent reference state, we 220 form the semi-implicit correction term using the explicit solution⇥ n+1 m from (12).
221
The semi-implicit correction term is defined as the di↵erence between an Eulerian flux 222 divergence and a Lagrangian flux divergence. On an Arakawa C-grid, these would be defined
respectively, and 
◆ .
The terms proportional to t/2 correct for the geometric di↵erences between the Eulerian
235
and Lagrangian flux divergences (shaded areas in Fig. 2 
respectively, where v 0 is a corrective velocity and
e. Helmholtz equation
242
The Helmholtz equation with variable coe cients for the semi-implicit problem is solved 
The terms R u , R w , and R ⇥ represent the known terms in (10), (11), and (17 
where
are Eulerian grid cell values, and
functions. To check for consistency, we substitute a field of constant (19) and see that the rhs of (19) properly reduces to ⇢ d (x, z).
255
In summary, the solution procedure for obtaining solutions for⇥ 0 n+1 m , u n+1 , and w n+1 , is (16),
Then, we add the semi-implicit correction term to (20) to be consistent with (17),
velocity field v n+1 into v 0 n+1 . inherently mass-conserving advection schemes.
276
A consistent formulation of the moisture conservation equations using the scheme in 
where v 0n , v 0n+1 and the computations for r eul · (·) are the same as in (21 Pressure is a diagnostic variable computed using the equation of state (6),
where p 0 is the reference surface pressure set to 100 kPa. In the CSLAM reconstruction step, we reconstruct Q j using (19) described in section 3e 301 to ensure consistency. To ensure shape preservation, we follow the two steps as described in is important, and it has been found that the limiter preserves linear correlations between 307 tracers, whereas typically linear correlation is only preserved when the limiter is not applied.
308
Second, to ensure shape-preservation in the flux-divergence terms, we compute the upwind 309 moist species mixing ratio q ⇤ j by first decoupling Q j from ⇢ d . Then, the flux divergences are 310 computed by centering density to each of the cell faces, i.e. 
Transported material, such as moisture and passive tracers with some mixing ratio q, are 332 often solved explicitly using the CISL transport scheme, i.e., is consistent with the discrete continuity equation, the former should reduce to the latter 338 when q is a constant, and an initially spatially uniform passive tracer field should remain so.
339
The inconsistent flux-divergence correction term in (25) can spuriously generate or remove 340 moisture or tracer mass in the model.
341
Alternatively, one can formulate the discrete scalar conservation equation in a manner 342 consistent with (25) by including the flux-divergence correction terms, solution.
380
The numerical domain is centered at x = 0.0 km, with 25.6 km  x  25.6 km and 381 0  z  6.4 km. As described in Straka et al. (1992) , the initial condition is given by a 382 temperature perturbation T , where The density current is clearly under-resolved using a 400 m-grid spacing, with only the 
402
Positions of the density current front (specified to be at ✓ 0 = -1 K), the minimum and Table 1 . We also compare the results with those using SLICE (Table   405 II of Melvin et al. (2010)) and REFC25, the 25 m reference solution in Table IV 
434
For this test case, we found that the maximum stable time step size in CSLAM-NH is 435 double of that of the Eulerian scheme. Eulerian split-explicit 2nd-order advection scheme shows more noticeable phase errors (Fig.   479 6).
480
Testing of CSLAM-NH using larger time steps in this gravity wave test case reveals a 
c. 2D (x-z) squall line
We perform a test case of a 2D squall line as described in Weisman and Klemp (1982) 503 to evaluate mass conservation, consistency, and shape-preservation in the nonhydrostatic 504 solver, in addition to testing for any small-scale computational instability in the model due 505 to latent heating.
506
The numerical domain is centered at x = 0.0 km, with 100 km  x  100 km and 
515
A weak vertical wind shear within a 2.5 km-layer at the surface is used to promote the 516 growth of the squall line. The initial wind profile is given as
where u = 12 m s 1 , u s = 10 m s 1 , and z ts = 2.5 km. The environmental potential 518 temperature and relative humidity profiles at the initial time are 
526
Like the gravity case, the boundary condition is implemented by linear extrapolating u, ⇥,
527
and ⇢ values into the boundary and setting w = 0, consistent with the free-slip boundary 528 conditions.
529
A comparison of the squall line development among CSLAM-NH (with shape preserva-530 tion), the 5th-order split-explicit, and the 2nd-order split-explicit Eulerian models is pre- All three models (CSLAM-NH, Eulerian 5th-order advection, and Eulerian 2nd-order 536 advection) show similar development of the convective system (Fig. 8) . At 0.6 h, all three 537 models show an initial downshear orientation of the system due to the ambient wind shear.
538
As the storm continues to develop with the cold pool strengthening behind the system (not shown, and at the higher resolution, the two models agree very well with each other.
557
The maximum stable time step in the Eulerian split-explicit 5th-order advection scheme shear between the updraft and the neighbouring downdraft). In Fig. 11 , we see at larger 563 time step sizes, maximum updraft velocities remain close to the small time-step solutions.
564
With the 2D squall-line test case, we examine the shape-preservation properties of CSLAM-
565
NH using the shape-preserving scheme by Barth and Jespersen (1989) in the CSLAM trans-566 port scheme and the upwind scheme for the flux-correction terms in the transport equations.
567
An analogous implementation of these schemes for a shallow-water model is described in 573 throughout the simulation using the consistent formulation in CSLAM-NH.
574
For a passive tracer that uses an inconsistent discrete conservation equation such as (26),
575
unphysical minima and maxima of the passive tracer mixing ratio are generated (Fig. 12) .
576
At the end of the squall line simulation at 2 h, the minimum and maximum mixing ratios 577 r are 0.986 g kg 1 and 1.021 g kg 1 , respectively (i.e. the error is on the order of 1 part in 578 100). We note that the shape-preserving limiter described in Barth and Jespersen (1989) 579 was also applied in CSLAM in this test. Due to numerical inconsistency, however, the limiter Fig. 9 . Moisture statistics including surface precipitation rate (kg s 1 ), accumulated surface precipitation (kg), and condensation rate (kg s 1 ) from the microphysics using CSLAM-NH, Eulerian 5 th -order horizontal advection, and Eulerian 2 nd -order horizontal advection at x = z = 500 m. The passive tracer is initialized with a uniform mixing ratio field of 1.0 g kg 1 . The consistent formulation in CSLAM-NH (which does not use (26)) ensures mixing ratio constancy of the same passive tracer up to machine roundo↵ of order 10 14 (not shown).
